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Simulations of Reacting Droplets Dispersed
in Isotropic Turbulence

Farzad Mashayek*
University of Hawaii at Manoa, Honolulu, Hawaii 96822

Several important issues pertaining to dispersion and polydispersity of evaporating and reacting fuel droplets in
forced turbulent flows are investigated. The carrier phase is considered in the Eulerian context and is simulated by
direct numerical simulation. The dispersed phase is tracked in the Lagrangian frame and the interactions between
the phases are taken into account in a realistic two-way coupled formulation. It is assumed that combustion
takes place in the vapor phase and is described as fuel -f oxidizer —> products + energy. The resulting scheme
is applied for extensive simulations of a forced, isotropic, low Mach number turbulent flow laden with a large
number of fuel droplets. Here the results are presented for different values of the mass loading ratio and the heat
release coefficient. The combustion process is significantly affected by the rate of evaporation and the fuel vapor
participates in the chemical reaction almost immediately after its production. A strong correlation is observed
between the droplet concentration and the reaction rate. The results are also used to discuss the temporal evolution
of the mean temperatures and the mean mass fractions, as well as the role of the preferential distribution of the
droplets.
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Nomenclature
transfer number, (T* — Td)/X
droplet concentration, ^nd md/(p8V)
heat release coefficient,

T
TB
t

specific heat of the carrier phase
Damkohler number, pf L / A^-wd / U/
droplet diameter
sensible internal energy of the carrier phase, pCvT
kinetic energy of the carrier phase, ^ p w / w /
total energy of the carrier phase, £/ + EK
zero-mean solenoidal random force

= Nu/3 Pr

n(\8/pd)Q-5(p*Sh/Rel
f
5Sc)

specific enthalpy
enthalpy of formation of the product gas
forward reaction rate constant
wavenumber
reference length
latent heat of vaporization of the liquid
reference Mach number, Uf/^/(yRTf)
mass of the droplet
number of collocation points in each direction
Nusselt number, (2 + Q.6ReQ

d
5Pr°33)/(l + B)

total number of droplets
number of droplets within the cell volume
Prandtl number, Cp^/K
pressure of the carrier phase
gas constant
droplet Reynolds number, Refp*dd\u* — Vj \
reference Reynolds number,
stoichiometric coefficient
Schmidt number,
Sherwood number,
rate-of- strain tensor, | (dui/dxj + duj
coupling source/sink terms
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Superscripts

- temperature
= boiling temperature of the liquid
: time
= reference velocity
: velocity of the carrier phase in direction ;c/

(i = l ,2 ,3 )
= velocity of the droplet in the direction xf
- position of the droplet
= spatial coordinates
= fuel vapor mass fraction
= oxidizer mass fraction
= binary mass diffusivity coefficient
= ratio of the specific heats of the carrier gas
= dilatation, duj/dxj
- cell volume
= node spacing
= Kronecker delta function
= dissipation rate
= thermal conductivity of the carrier phase
= normalized latent heat of evaporation, Lv/CpTf
- viscosity of the carrier phase
= mixture fraction
= density
= droplet time constant, Refpddj/\&
= mass loading ratio
= reaction rate, p2DaYfvYm

- boiling condition
= droplet properties
= reference parameters for normalization
= fuel vapor
= oxidizer
= surface of the droplet
= initial value at t = 0

' = fluctuating quantity
* = carrier phase properties at the droplet location

Introduction

N UMERICAL simulation of turbulent reacting flows has proven
to be one of the most challenging tasks within the general field

of computational fluid dynamics.l ~3 Turbulent flows are exemplified
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by their many length- and timescales that require high resolution
and/or accurate modeling for their simulation. The addition of chem-
ical reaction to these flows introduces a new set of variables often
accompanied by sharp gradients in small scales. The complexity of
the turbulent reacting flow is obviously escalated by the presence of
liquid droplets (or solid particles). Because of its nature, the multi-
phase flow is best analyzed in the Lagrangian frame by tracking a
large number of droplets.4

With the advent of supercomputers, it became possible to simu-
late turbulent reacting flows via direct numerical simulation (DNS)
without resorting to any modeling.2'5"14 DNS has also been used
for simulations of turbulent flows laden with particles.15"26 The
extent of contributions is too large to be discussed here in detail;
we refer to recent reviews.27"29 Most of the previous studies have
considered dispersion of solid particles only. Recently, Mashayek
et al.30 implemented DNS for the study of evaporating droplets in
one-way coupling with an incompressible carrier phase. This study
shows that, after an initial transient period, the droplet-size distribu-
tion becomes nearly Gaussian. This result is verified qualitatively
at low mass loading ratios by Mashayek,31'32 who considered the
compressible flow with two-way coupling. The results in Refs. 31
and 32 also indicate that evaporation is significantly affected by two
factors, i.e., the gradient of the fuel vapor concentration in the vicin-
ity of the droplets and the heat transfer from the carrier phase to the
dispersed phase.

In light of our previous studies, in this paper we extend the ap-
plication of DNS to evaporating and reacting droplets dispersed
in a compressible carrier phase. Because this is one of the early
attempts in DNS of reacting droplet dispersion in turbulent flows
with two-way coupling, the problem is formulated based on models
and correlations that are relatively well established. It is also em-
phasized that the term DNS is used here with the understanding that
there are models involved in describing the effects of the droplets on
the carrier phase. Because of the presence of the droplets the flow
is heterogeneous, whereas the combustion is assumed to take place
in the vapor phase only, thus rendering a homogeneous reaction.
For the range of the mass loading ratios considered, this assump-
tion seems reasonable.33 The investigation is based on the forced
isotropic turbulent flow to avoid the extra complexity in the analysis
of the results. This isotropic configuration (idealistically) resembles
the flow in the combustion chamber of a gas turbine, provided suffi-
cient distance from the walls. A large number of parameters emerge
from the formulation of the problem. Although we have been able to
perform extensive DNS to study the effects of many of these param-
eters, because of space limitation here we only consider the effects
of the mass loading ratio and the heat release coefficient, analo-
gous to Mashayek.34 However, the formulation used here is slightly
different and provides a higher resolution for the Eulerian fields, es-
pecially the carrier phase density. Also, all of the parameter values
are the same as those in the cited study, except for the initial droplet
time constant and the box Reynolds number. The droplet time con-
stant in this study is chosen close to the carrier phase Kolmogorov
timescale to magnify the effects of the preferential distribution.18

Because the droplet size is larger, the evaporation rate is slower for
the present simulations.

Formulation and Methodology
We consider the motion of a large number of fuel droplets (dis-

persed phase) in a turbulent flow (carrier phase). The transport of
the carrier phase is considered in the Eulerian frame, whereas the
dispersed phase is treated in a Lagrangian manner. Also, conserva-
tion equations (in the Eulerian frame) are considered for the mass
fractions of the fuel vapor and the oxidizer. For simplicity, the fuel
vapor, the oxidizer, and the products are assumed to have the same
properties such that their mixture (hereinafter referred to as the
carrier phase or the fluid) can be treated as one entity: the Eule-
rian continuity, momentum, and energy equations are solved for
the mixture. The specific enthalpies of these components, however,
are considered to be different to satisfy the first law of thermo-
dynamics.

The carrier phase is considered to be a compressible and
Newtonian fluid with zero bulk viscosity and to obey the perfect
gas equation of state. The Eulerian forms of the nondimensional

continuity, momentum, and energy equations for the carrier phase
are expressed as

-£ + —(pUl) = smdt dXj

d
Yt(pUi}

dET

(1)
dp 2 d ( i \

(pUiUj) = --£- + ——- ——— Stj - -MU
Xj dxt Ref d X j \ 3 /
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d2T
j = (y - \)PrRefM2

Ref dXj |_ V 7 3 IJ

(3)

followed by conservation equations for the fuel vapor and the oxi-
dizer mass fractions:

ScRef

(4)

(5)

The equation of state is p = pT/yM2. All of the variables are
normalized by reference length, density, velocity, and temperature
scales. The total energy equation [Eq. (3)] is derived by assum-
ing unity Lewis number.35 The coupling of the carrier phase with
the droplets is through the terms <Sm, Sui, and Se that, respectively,
describe the mass, momentum, and energy exchange between the
phases. The formulation of these terms and their calculation from
the discrete droplet fields are described later in this section.

The liquid droplets are allowed to evaporate but are assumed
to remain spherical with diameter smaller than the smallest length
scale of the turbulence and to experience an empirically corrected
Stokesian drag force. Both interior motions and rotation of the
droplets are neglected. The density of the droplets is considered
to be constant and much larger than the density of the carrier phase
such that only the inertia and the drag forces are significant to the
droplet dynamics. The droplet-droplet interaction and the radiation
heat transfer are also neglected. The droplets are tracked individually
in a Lagrangian manner, and the droplet position, velocity, temper-
ature, and mass are determined from the following nondimensional
equations36:

(6)

= ( r - T V ) - ( r , - r , ; )

dm,.

(7)

(8)

(9)

The droplet variables are normalized using the same reference scales
as those used for the gas phase variables. The function fi in Eq. (7)
represents an empirical correction to the Stokes drag for large droplet
Reynolds numbers.37

The droplets are assumed lumped, so that there is no temperature
variation within each droplet. The factor /2 in Eq. (8) represents
a correlation for the convective heat transfer coefficient based on
an empirically corrected Nusselt number.38 The second term on the
right-hand side of Eq. (8) represents the change in the thermal en-
ergy because of phase change. The correlation /3 is a function of an
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empirically corrected Sherwood number.38 For equivalent molec-
ular weights of the gas and the liquid, the vapor mass fraction at
the surface of the droplet is proportional to the partial pressure of
the vapor. Using the Clausius-Clapeyron relation, the surface mass
fraction is described as

where TB is the boiling temperature of the liquid at the pressure pB.
Finally, Eq. (9) governs the rate of mass transfer from the droplet
because of phase change that is a function of the fuel vapor mass
fraction difference at the droplet surface, the droplet time constant,
and the Sherwood number dependent correlation /4.

For the dilute two-phase flow considered here, it can be assumed
that the chemical reaction is in the carrier phase where the fuel vapor
and the oxidizer are mixed.33 Here we consider a second-order and
irreversible reaction:

(11)

where F, 0, and P represent the fuel vapor, the oxidizer, and the
product, respectively. The effects of the heat released by combustion
and the phase change energy are accounted for in the description of
the absolute enthalpies.

The source/sink terms Sm, Sui, and Se appearing in Eqs. (1-4) rep-
resent the integrated effects of the droplets mass, momentum, and
energy exchange with the carrier phase. These Eulerian variables
are calculated from the Lagrangian droplet variables by volume av-
eraging the contributions from all of the individual droplets residing
within the cell volume centered around each grid point. The coupling
terms are expressed as

1 (12)

(13)

_ A d/nrfl
~ (y-\)M} dt J (14)

Simulations are conducted within the domain 0 < */ < 2n (i =
1, 2, 3). The reference length Lf is conveniently chosen such that
the normalized length of the computational box is 2n. The refer-
ence temperature 7/ and density pf are set the same as the initial
mean temperature and density of the carrier phase, and the reference
velocity Uf is found by setting M/ = 1. A Fourier spectral colloca-
tion method3 with triply periodic boundary conditions is employed
to simulate the transport equation of the carrier phase. The simula-
tions are conducted on a domain discretized by N equally spaced
collocation points in each direction. Time advancement for both
the Eulerian carrier phase equations and the Lagrangian droplet
equations is performed using the second-order-accurate Adams-
Bashforth scheme. The magnitudes of the Eulerian gas variables
at the droplet locations are determined by a fourth-order Lagrange
polynomial interpolation scheme. The turbulence field pertaining
to the carrier phase is isotropic. The initial flow for reacting sim-
ulations is generated by allowing the droplets to interact as solid
particles with a forced stationary flow for more than three eddy
turnover times. To emulate the stationary field, a low wavenumber
forcing scheme is imposed by adding energy to the large scales of the
flow.32 Once the droplet-laden flow becomes statistically stationary,
the time is set to zero and the droplets are allowed to evaporate and
react.

Results
The preceding formulation involves a large number of parameters

such as the droplet time constant, the mass loading ratio, the ini-
tial droplet temperature, the latent heat of evaporation, the boiling

temperature, the Damkb'hler number, the heat release coefficient,
and the stoichiometric coefficient. Extensive numerical simulations
have been carried out to study the effects of these parameters on var-
ious statistics of the reacting flow. Space limitation, however, does
not allow us to discuss all of the results in this paper. Therefore,
the discussion is limited to the effects of the mass loading ratio (for
3>m0 = 0.25, 0.5,1 with Ce = 24) and the heat release coefficient
(for Ce — 8,16, 24 with <J>mo = 1) that exhibit somewhat stronger
effects on the combustion process. For all of the cases considered
here, Ref = 600, Sc = 0.7, y = 1.4, and pd = 1000. Also, rdQ = 4,
A = 2, TB = 5, TdQ = 1, Da = 0.5, r = 1, and pB is chosen to be the
same as the initial pressure of the oxidizer gas. These parameter
values do not correspond to any specific application, rather they
have been carefully chosen based on previous DNS of single-phase
reacting or two-phase nonreacting flows to ensure accuracy of the
simulated fields. All of the simulations are performed on 643 col-
location points using as many as 3.6 x 105 droplets. A typical run
(for the case with 3.6 x 105 droplets) requires about 40 h of CPU
time on the Cray T90 supercomputer. The results of the simulations
are statistically analyzed; in the following, the notation ( ) indicates
the Eulerian ensemble average and (()> denotes the Lagrangian av-
erage values.

The analysis of the DNS results indicates that the amount of en-
ergy added to the system by external forcing is very negligible in
comparison to the phase change energy and the heat released by
combustion.32 Therefore, the statistics presented here are not af-
fected by external forcing. The results also indicate that the mean
turbulence Mach number is less than 0.12 for all of the cases and
the flow is free of shocklets. This is important as a pseudospectral
method has been used for simulation of the carrier phase. The tur-
bulence Mach number decreases with the increase of either the heat
release coefficient or the mass loading ratio. This is due mainly to
the increase of the temperature in the presence of chemical reac-
tion and the decrease of the velocity fluctuations with the increase
of the mass loading ratio. The initial carrier phase rms fluctuating
velocity, without chemical reaction, is 0.0874, 0.0777, and 0.0667
for Omo = 0.25, 0.5, and 1, respectively. The corresponding dissi-
pation rate of the turbulence kinetic energy of the carrier phase is
1.856 x 10~4, 2.309 x 10~4, and 3.007 x 10~4, respectively. These
values are calculated by averaging over the stationary period when
the droplets are not reacting.

Because the grid resolution for these simulations is somewhat
low, various statistics of the flow have been carefully analyzed to
ensure that all of the Eulerian fields are accurately resolved. To es-
tablish the grid independency of the results, the case with the highest
mass loading ratio and heat release coefficient (<frmo = 1. Ce = 24)
has been repeated using 483 collocation points. To provide a direct
comparison between the results obtained from the two different grid
resolutions, it is necessary to keep all the time and length scales in-
volved in the problem the same. This is only possible by using the
same parameter values, including Ref = 600, for both simulations.
Figure 1 shows that the temporal variations of the average mass of
the droplets and their mean temperature from the two simulations are
in very close agreement. Comparison of other statistics (not shown)

Fig. 1 Convergence study based on grids with 483 and 643 collocation
points.
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Fig. 2 Temporal variations of the Lagrangian average mass of the
droplets normalized with its initial value.
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Fig. 3 Temporal variations of a) the mean temperature of the carrier
phase and b) the Lagrangian mean temperature difference.

from the two simulations also indicated close agreements. The 483

simulation was terminated after about three eddy turnover times as
Ref used for this simulation is relatively high.

The temporal variation of the Lagrangian average droplet mass
(normalized with its initial value) is shown in Fig. 2. A close inspec-
tion of this figure reveals that, during the initial times, the normal-
ized mass decreases faster for smaller mass loading ratios. This is
in qualitative agreement with the results of Mashayek32 for evapo-
rating (not reacting) droplets. In early times, combustion is not very
effective as the amount of the fuel vapor is small. As the chemical
reaction proceeds, more heat is released and the rate of evaporation
increases, which in turn results in higher rates of reaction. As a re-
sult, at longer times the normalized mass of the droplets decreases
faster at higher mass loading ratios. For the same reason, i.e., low
reaction rate, the variation of the heat release coefficient does not
significantly affect the evaporation rate during the early stages. As
expected, for longer times the increase of the heat release coeffi-
cient results in the increase of the heat generated by combustion,
thus increasing the evaporation rate.

The heat released by reaction causes the temperature of both
phases to rise, as illustrated in Fig. 3a for the carrier phase. However,
it must be noted that a portion of the heat is utilized to account for the
latent heat of evaporation and does not contribute to the change of
the sensible heat that is exhibited by a rise in the temperature. This is
more evident during the early stages as the fuel vapor mass fraction
is small and so is the heat released by combustion. For small values
of the heat release coefficient the rate of evaporation is small and the
rate of temperature increase remains small for all times (Fig. 3a). For
large values of the heat release coefficient, however, more vapor is
generated and the reaction rate increases. Therefore, a large amount
of heat is generated although only a small fraction is consumed for
the latent heat of evaporation. This results in significant increase in
the mean temperature at long times. The increase of the mass loading
ratio enhances the amount of the fuel vapor and increasingly raises
the temperature (not shown). Figure 3b shows that the difference in
the temperatures of the two phases also increases with time for high
heat release values. This increases the heat transfer from the carrier
phase to the droplets and results in higher evaporation rates. It is
interesting to note in Fig. 3b that for Ce = 8 the mean temperature
difference remains nearly stationary in time despite the increase in
the temperatures of both phases.
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Fig. 4 Temporal variations of the mean mass fractions of the oxidizer
and the fuel vapor.

The discussion on the rate of evaporation (cf. Fig. 2) does not iden-
tify the temporal behavior of the fuel vapor mass fraction because
part of the generated vapor is continuously consumed by combus-
tion. In fact, as shown in Fig. 4, the mean vapor mass fraction remains
close to zero throughout the simulations. This implies that the fuel
vapor participates in the chemical reaction almost immediately af-
ter its production. The increase of the heat release coefficient and/or
the mass loading ratio increases the rate of evaporation. This may
result in local accumulation of the vapor without access to enough
oxidizer. This is observed by close inspection of Fig. 4, which shows
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Fig. 5 Temporal variations of the mean mixture fraction.

that the mean fuel vapor mass fraction starts to deviate from zero
at long times. The decrease of the mass fraction of the oxidizer at
long times (Fig. 4) is also responsible for this phenomenon.

A convenient approach usually adopted to analyze a reaction is
via the concept of mixture fraction defined as39

(15)
1 + 1/r

In single-phase flows, without any source of fuel or oxidizer, £
behaves like a conserved scalar. For the present case, however, £ is
not conserved and increases with time as shown in Fig. 5. To analyze
the behavior observed in the figure, the transport equation for f is
derived using Eqs. (1), (4), and (5):

1
ScRef

(16)

which resembles the equation for a conserved scalar except for the
droplet mass source term. For evaporating droplets, this term is
always positive and results in the increase of £. For homogeneous
flows, a relationship between the mean value of f and the mean
carrier phase density may be obtained by averaging Eq. (16). After
some algebraic manipulations and by assuming that (p%) ~ (
the following relation is obtained:

(P) - <A>)
(P)

(17)

where pQ is the initial value of the carrier phase density. Equa-
tion (17) is in excellent agreement with the results of the simulations.

When analyzing the DNS results, special attention must be paid
to various mechanisms influencing the mixing of the fuel vapor and
the oxidizer. The extensive previous studies conducted on single-
phase turbulent reacting flows have revealed the important role of
turbulence mixing in enhancing the rate of reaction. In two-phase
reacting flows, the dispersion of the droplets may also be consid-
ered as an effective mechanism for improving and/or controlling the
mixing process. The most important issue in this consideration is
the preferential distribution of the droplets.18*28 Figure 6 portrays
the contours of the reaction rate in a typical x-y (x = x\ and y = ̂ 2)
plane; similar behavior was observed in other planes. It is clear that
the reaction zone is composed of local intense areas surrounded
by regions with low reaction rate. A comparison with the contours
of the droplet concentration (not shown) revealed that the regions
of high reaction rate closely correspond to areas with high droplet
concentration. For the present simulations, a considerable portion
of the domain is free of droplets, mainly because of the preferential
distribution of the droplets in high strain rate regions of the flow.

To quantify the correlation between the droplet concentration and
the reaction rate, in Fig. 7 we consider the variations of (C \ co)/(C)
with o)/(o)) for different values of the heat release coefficient. The
results in Fig. 7 confirm that the droplets are mostly concentrated
in the regions of the flow with high reaction rates. This may be
explained by considering that the droplets are the source for the
fuel vapor; therefore there is a higher probability for having higher
reaction rates in the vicinity of the droplets. However, it could also be

0.01

0.00

Fig. 6 Instantaneous contours of the reaction rate in a typical x-y plane
for the case with $mo = 1 and Ce = 24 at f = 100.

co/<co>
Fig. 7 Variations of the expected value of the droplet concentration
conditioned on the reaction rate.

(at least partially) because of the effects of reaction on the vorticity
field that play a significant role in the preferential distribution of the
droplets. This latter scenario has not yet been explored and demands
more future elaboration.

Conclusion
Results obtained via numerical simulation are used to investi-

gate some issues of relevance to dispersion and polydispersity of
evaporating and reacting droplets in forced isotropic compressible
turbulence at low Mach numbers. Although we have been able to
consider a reasonably wide parameter range, because of space lim-
itation we only discuss the effects of the mass loading ratio and the
heat release coefficient here. The decrease of the mass loading ratio
results in a faster decrease of the relative mass (normalized with
its initial value) of the droplets during the initial times; an opposite
trend is observed at long times. The increase of the heat release
coefficient monotonically increases the rate of evaporation at all
times. An analysis of the results indicates that evaporation plays a
significant role during the early stages of combustion for all of the
cases. At longer times, and for larger values of the heat release coef-
ficient, the temperature of the mixture increases to large values that
(by increasing the heat transfer between the phases) results in large
evaporation rates. The fuel vapor participates in chemical reaction
almost immediately after its production and a strong correlation is
observed between the droplet concentration and the reaction rate.
The results also show the preferential distribution of the droplets,
which plays a significant role in the structure of the reaction zone.
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